In this paper, optimal portfolio selection with uncertain returns is studied, and corresponding model based on the satisfaction index is proposed. In the model, the risk is taken as the sum of the absolute deviation of the risky assets in stead of covariance, the transaction cost is taken as v-shaped function of the difference between the existing and new portfolio. An efficient way is given to transform a non-linear problem into a linear problem, which alleviate the computational difficulty greatly. Numerical result showed that the proposed method is capable of helping investor to find efficient portfolios according to his/her preference.
Introduction
Fluctuation in stock market is unpredictable and it is random in nature. This is a difficult task to achieve without planing and evaluating investment alternatives. The portfolio must incorporate what the investor believes to be an acceptable balance between risk and reward. Markowitzs mean-variance model of portfolio selection [12, 13] is one of the best known models in finance and unanimously recognized to contribute in the development of modern portfolio theory. It explores how risk-averse investors can construct optimal portfolio assets taking into consideration the trade-off between expected returns and market risk.
Portfolio selection issue has served as a basis for the development of modern financial theory over the past five decades and continuously gained an interest among scholars [10] , [1] , [18] , [6] . However, contrary to its theoretical reputation, it is not used extensively to construct large-scale portfolios. One of the most important reasons for this is the computational difficulty associated with solving a large-scale quadratic programming problem with a dense covariance matrix. The modern portfolio theory then evolved to Capital Asset Pricing Theory [21] when risk free rate asset was included into the portfolio and then evolved to Arbitrage Pricing Theory in which the computation was largely reduced. Konno and Yamazaki [10] used the absolute deviation risk function to replace the risk function in Markowitz's model and formulated a mean absolute deviation portfolio optimization model. It turns out that the mean absolute deviation model maintains the favorable properties of Markowitz's model and removes most of the principal difficulties in solving Markowitz's model. Simaan [22] provided a thorough comparison of the mean variance model and the mean absolute deviation model. Speranza [23] used the semi-absolute deviation to measure the risk and formulated a portfolio selection model. Furthermore, the Markowitz model is too basic from practical point of view and ignores many constraints faced by real-world investors: trading limitations, size of portfolio, transaction costs, etc ( [1] , [2] , [19] , [24] ). Investment strategies may be theoretically very profitable before taking into account transaction costs and taxation issue, but the situation can become worse (such as inefficient portfolio) and completely different when these last constraints are incorporated. Any realistic investment portfolio selection must support transaction costs among other practical limitations.
Transaction cost is one of the main concerns for portfolio managers. Arnott and Wagner [1] found that ignoring transaction costs would result in an inefficient portfolio. Yoshimoto's empirical analysis [24] also drew the same conclusion. Mao [14] , Jacob [9] , Patel and Subhmanyam [17] and Morton and Pliska [15] studied portfolio optimization with fixed transaction costs. Pogue [19] , Chen et al. [4] , and Yoshimoto [24] studied portfolio optimization with changeable transaction costs. Mulvey and Vladimirou [16] and Dantzig and Infanger [5] incorporated transaction costs into the multiperiod portfolio selection model. Li et al. [11] gave a linear programming algorithm to solve a general mean variance model for portfolio selection with transaction costs. Due to changes of situation in financial markets and investors' preferences towards risk, most of the applications of portfolio optimization involve a revision of an existing portfolio.
Traditionally, it has been assumed that the distribution functions of possibility returns are known while solving portfolio selection models. However, new securities and classes of assets have emerged in recent times and it is not always possible for an investor to specify them. In some cases, for instance, historical data of stocks are not available. In such cases, the uncertain returns of assets may be determined as interval numbers by using experts' knowledge.
The paper is organized as follows. In Section 2, we firstly give some notations for interval numbers and briefly introduce some interval arithmetics and then an order of relations over intervals is introduced. Based on this concept, an approach to compare interval numbers is proposed. Lastly, an interval absolute deviation model for portfolio selection is proposed. In Section 3, an example is given to illustrate our approach. In Section 4, some concluding remarks are also given.
Methods

Preliminary
An interval number can be viewed as a special fuzzy number whose membership function takes value 1 over the interval, and 0 anywhere else. For an interval number a = [a, a], the median m(a) and width w(a) is defined by m(a) = (a + a)/2 and w(a) = (a − a)/2, respectively. The operations on intervals used in this paper are as follows:
Definition 2.1: For any two interval numbers a = [a, a] and b = b, b , operations of intervals can be defined as
where k is a real number. The three operations of intervals are equivalent to the operations of addition, subtraction and scalar multiplication of fuzzy numbers via the extension principle. [8] suggested an order relation between two intervals as follows:
Definition 2 For describing the interval inequality relation in detail, the following concept was introduced in [7] . we say the interval inequality relation a ≺ b between a and b is optimistic satisfactory; if a > b, we say the interval inequality relation a ≺ b between a and b is pessimistic satisfactory. Finally, the pessimistic and optimistic satisfaction index of the interval inequality relation a ≺ b can be defined as
Since b > a implies that there may be some possibility for b to be greater than a, the definition 2.2 and 2.3 don't contain all possibilities for interval inequality to hold. Therefore, the following concept combined interval inequality relation and satisfaction index is introduced. , 0 .
According to definitions of the pessimistic and the optimistic satisfaction indices, we can see that the range of the pessimistic satisfaction index can be [0, 1), and the range of the optimistic satisfaction can be [0, ∞).
Our proposed satisfaction index is more general concept than those of [7] .
Portfolio selection model under linear programming
Assume that an investor wants to allocate his wealth among n risky assets offering random rates of returns and chooses x i , the proportion invested in asset i, 1 ≤ i ≤ n for n assets. The constraints are n i=1
x i = 1 and
The return r it for the ith asset, 1 ≤ i ≤ n, is a random variable, with arithmetic mean
r it , where r it can be determined by historical data. Let x = (x 1 , x 2 , · · · , x n ) T and r = (r 1 , r 2 , · · · , r n )
T . In this paper the transition cost for the ith asset c i employs v-shape function, that is
where
T is a given assets owned by the investor and k i ≥ 0 the transition cost for the unit of ith asset. So the total transition cost of the portfolio x is described
The uncertain expected return of the risky asset j(j = 1, · · · , n) can be represented as the following interval number:
where r hj is the historical return tendency factor of risky asset j and r aj is the arithmetic mean factor of risky asset j. So the expected return interval of port-
T in the future can be represented as
After subtracting the transaction costs, the net expected return interval of portfolio x = (x 1 , x 2 , · · · , x n ) T in the future can be represented as
Because the expected returns on securities are considered as interval numbers, we may consider the semiabsolute deviation of the rates of return of portfolio x below the expected return over all the past periods as an interval number too. Since the expected return interval of portfolio
We can get the semi-absolute deviation interval of return of portfolio x = (x 1 , x 2 , · · · , x n ) T below the expected return over the past period t, t = 1, · · · , T . It can be represented as
and
Then the average value of the semi-absolute deviation interval of return of portfolio x below the uncertain expected return over all the past period, can be represented as
We use w(x) to measure the risk of portfolio x. Suppose that the investor wants to maximize the return of a portfolio after subtracting the transaction costs within some given level of risk. If the risk tolerance interval w = [w, w] is given, the mathematical formulation of the portfolio selection problem is
where w represents the pessimistic tolerated risk level, and w represents the optimistic tolerated risk level. (7) is an optimization problem with interval coefficients and, therefor, techniques of classical linear programming can not be applied unless the above interval optimization problem is reduced to a standard linear programming structure. In the following, we perform this conversion. We introduce the order relation in the interval function of (7) . Based on the concept of satisfaction index proposed above, the interval inequality relation w(x)
[w, w] in (7) is expressed by a crisp inequality as follows:
where satisfaction index α ∈ [0, ∞) is given by the investor.
Thus the interval linear programming problem (7) can be represented by interval linear programming problem in which the objective function is interval number and the constraint conditions are crisp equality and inequalities. The interval objective function linear programming problem is represented as follows:
The satisfactory solution of (8) is equivalent to the non-inferior solution set of the following bi-objective programming problem for given satisfaction index α ∈ [0, ∞).
By the multi-objective programming theory, the noninferior solution to (9) can be generated by solving the following linear programming problem:
Thus, (10) may be rewritten as follows by introducing the concrete form of SD( w(x) [w, w]): To solve (11), we consider the following transformation. First, we introduce a new variable x 0 such that
Then, (11) is equivalent to the following standard linear programming problem.
(r j − r tj )x j ≥ 0,
One can use several algorithms of linear programming to solve (12) efficiently, for example, the simplex method. So we can solve the original portfolio selection problem (7) by solving (12).
Results
In this section, we suppose that an investor chooses 6 componential stocks and we collected historical data of the 6 stocks during 5 periods, using one month as a period. The historical return tendency r hj was obtained
r tj , where n is amount of the most recent periods (we took n = 3). The expected rate of return intervals are given in Table 1 . (12) . For the given risk level interval w, more satisfactory portfolios can be generated by varying the values of the parameters λ and α in (12) .
As an example to illustrate, we fix the parameter α = 0.5 and vary the parameter λ. The return intervals, the risk intervals and the values of parameters of portfolios are listed in Table 2 . The corresponding portfolios are listed in Table 3 . The investor may choose his own investment strategy from the portfolios according to his attitude towards the securities' expected returns and the degree of portfolio risk with which he is comfortable. If the investor is not satisfied with any of these portfolios, he may obtain more by solving the parametric linear programming problems (12) for other values of parameter λ and α.
Conclusion
In this paper, by introducing a concept of inclusive satisfaction index of the interval inequality relation, an approach to compare interval numbers is given. By using the approach, the interval semi-absolute deviation model can be converted into a parametric linear programming problem with two parameters. We represented the interval inequality by the satisfaction index inequality unlike equality of [7] . One can find a satisfactory solution to the original problem by solving the corresponding parametric linear programming problem. An investor may choose a satisfactory investment strategy according to an optimistic or pessimistic attitude by choosing proper values of parameter λ and α. The model can help the investor to find an efficient portfolio according to his/her preference. 
